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Screw Connections

= Four parameters are needed to describe a
screw. connection between two links.
= Any revolute or prismatic connection is a
limiting case of a screw: connection.
= A hinge is a screw with zero pitch
= A prismatici (sliding) jeint is a screw: with
infinite pitch
= A ballfjeint cani be modeled as 3 intersecting
revelutes.




Symbolic Representation of
Mechanisms

= A mechanism can be viewed as a sequence of
connections.

= Each connection consists of a pair and is
characterized by a pair varianle.

= There are six lower pairs (with areai contact)-
= Revolute R
= Prismatic P
= SCrew S| (Where L is the'lead of the screw)
= Cylindric C
= Spheric & (Forglebular)
= RPlanar = (For flat)

Symbolic Representation of
Mechanisms

= As limiting cases of the screw pair we can
consider revolutes and prismatic joints as
special cases:

= Screw S, (where L isithe lead ofi the screw)
= Reyvoluter  R=Sy (A screw with'zero lead)
= Prismatic P = S, (A screw with infinite lead)




Symbolic Representation of

Mechanisms

= \We can write the two halves of a pair as
= R* and R-
=S, "and S
= P*and P
and so forth.
= | ower pairs are invertible so it doesn't

really matter which half is the plus, or
minus half.

Symbolic Representation of
Mechanisms

= Relative motion between pair elements
describes the relative motion between the
links carrying the elements.

= That relative motioniis described by the
pair variables.

= These arne variables such as 6 for rotation
and' s for translation.




Symbolic Representation of
Mechanisms

We can give a symbolic description to a simple
closed kinematic chain like a four-bar

R,

R,
R,

asR,R,R;R, or R,R,R;R, and so forth.

Symbolic Representation of
Mechanisms

= A compound closed kinematic chain like the six-
bar below could be described symbolically by
giving| twe independent loeps that include allithe
pairs. For instance,

5 R

asR,R,;R, R, & R,R,R, R,R,for example.




Symbolic Representation of
Mechanisms

= These are both examples of closed kinematic
chains.

= A typical rebot would be aniexample ofi aniopen
Kinematic chain.

Symbolic Representation of
Mechanisms

= |n a simple closed kinematic chain each
link connects to two and only two other
links.

= |n a compound closed chain some links
hook to more than twoe others.




Description of a Simple Chain

= Relative positions
of the successive
pair axes on a link
can be described
by use of the
Unigue common
perpendicular
petween the pair
axes.

Description of a Simple Chain

= Coordinate systems
are fixed inieach
joint using a simple
convention.

=" The z axes are
chosen to define
the orientations of
the revolute, screw,
Ol prismatic pairs




Description of a Simple Chain

= The x axis at a joint Is
chosen; to lie along the
common perpendicular
from a point H on the
previous z axis to the
current one on the link.

Tthe length of that
common perpendicular
from z, o1z, ., isicalled
A

Description of a Simple Chain

= A general link has a “Dual
Angle” Z(a,, o) betweenithe
vectors z, and z,.

By that | mean that there
could be boeth an effset a,
and a twist angle: o
(measured about the x axis
in a plane perpendicular to
the common nermal).

% (Because ofithe right-hand
rule the anglere,; showmn is
negative:)




Description of a Simple Chain

= Einally, the y axis is
chosen so as to give a
right-handed
rectangular coordinate
system.

= Here is what the
situation looks
like so far for two
typical links ofi a
spatial chain.

lio clarify the
numMbering
conventions
used, they were
chosen as links
#1 and #2.




Description of a Simple Chain

= The offset along
the z, axis
betweenthe
origin 04 and: the
point iHi is called
S;.

Description of a Simple Chain

= Einally, the
rotation angle
between the X,
and X, axes (and
measured about
the z, axis) Is
called 6.




Description of a Simple Chain

= Thus the x, and
X, axes subtend
a second! “dual
angle” Z(s4, 64)
petween them.

= |n this way, a
rectangular
cartesian
coordinate
system is
uniguely,
specified in each
link:
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Description of a Simple Chain

= The relative
positions; of
successive links is
expressed in terms
ofi the four
parameters of the
twoidualiangles
Z(s4, 07), £(ay, ay).
Jihese uniguely.
define the relative
POSItIGNS| Of
successive systems
ol coordinates:;

Description of a Simple Chain

= For generality,
we can
assume the
joints are all
made up of:
Screw. pairs,
(shown
symbolicaly as

SL k)-
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Description of a Simple Chain

= |na screw the
parameters 0,
and's, would
be related by
the lead of the
SCrew.

A6, As,
Lk

Description of a Simple Chain

= For a revolute
pair (L, =0)
only the
parameter 0,
varies.
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Description of a Simple Chain

= For a prismatic
pair (L, = )
only the
parameter s,
varies.

Description of a Simple Chain

= Thus we can write a general equation: for a
simple closed chain of screws in the following
symbolic form:

= |Here, the identity symbel | is used to indicate that
WHER YoU WOolk your way: areund the closed chain
you get back te the start.

= | ater, wheni thisiis expressed with matrices, it will
have the same function mathematically.
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A brief digression...

= How many degrees-of-freedom does a
four-link four-revolute linkage have?

= |fyoul think of it as a planar four-bar you
automatically think “Onel degree-of-
freedom”.

A brief digression...

= Usingithe basic planar D.O.F. formula we
LN DOF.=3(n-1)-2]
=3(4-1)-2%4
=+1
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A brief digression...

= \What if we think of these
links as being general,
spatial links connected
by revolutes?

= |n space, a revolute joint
removes five relative
degrees-of-freedom and
leaves only ene.

A brief digression...

= So if we have four bodies
connected by revelutes the
degrees-of-freedom should be:

DO.F.=6(n-1)-5R
—6(4-1)-5%4
~18-20

=3 otherrwerds; aigeneral
spatial four-bar isimassively
over-constrainedl




A brief digression...

= |t turns out that there are only three four
revolute linkages that exist and can move
with one degree of freedom. These are

= The planar four-revelute mechanism
(commonly knewn as, “the four-bar”)

= The spherical four-revelute mechanism
= [he Bennett mechanism

A brief digression...

= Plgnar four-bars are unique in that all four
revolute axes are parallel to one another
and perpendicular to the plane of motion.

= The axes all intersect at infinity.

= That is'why the mechanisms, work even
though the foermula shows; them having
minus, two degrees of freedom!
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A brief digression...

Spherical four-bars are also uniquely.
proportioned.

All four revolute axes intersect at a common
point.

Tthey have: a lot inicommon with their planar
cousins.

TThey ane just mapped ente a sphere

Iihat 1s, why: they: also work evenitihioughi the

formula shows: them having minus: twe degrees
ofi freedom!

A brief digression...

= Here’s what a fairly general spherical four-
bar looks like:
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A brief digression...

= Here’s what the most common special-
case spherical four-bar looks like:

A brief digression...

" This is the “Hooke” or “Cardan” universal
joint
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A brief digression...

= A Hooke joint is a special
case four-revolute
spherical linkage with all
four of it’s spherical angles
equal to /2

A brief digression...

= The Bennett mechanism is a singularly
useless special case spherical
mechanism.

19



A brief digression...

= |t’'s opposite sides are equal in length and the twists: of
opposite links are the same.

= Thus, it-has a lot in.common with:a planar parallelogram
linkage.

A brief digression...

5. The Bennett mechanism has one interesting virtue-
namely it has no dead center positions.

= Whenall the x axes are collinear, the output torque: is
produced by bending and torsion;stresses inithe
connectingrodiand frame.
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Symbolic Representation
Example

= Now that you know: a little bit about spatial
four-revolute linkages, let's see how we
can analyze them using the Hartenberg-
Denavit method.

Symbolic Representation
Example

= Here’s a planar four-bar for example.
= The z axes are all oriented with the same
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Symbolic Representation
Example

= Successive common perpendiculars form
the four x axes.

Symbolic Representation
Example

= They axes aren't shown but would
complete the four right-handed coordinate
systems.
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Symbolic Representation
Example

= Note that the x,y,z, system: is fixed in link
1, the x,y,z, system Is fixed in link 2, and

Symbolic Representation
Example

= Here’s the symbolic equation; for this
planar four-bar:
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Symbolic Representation
Example

= Comparing it with: the general form we see
that the four pairs are the four revolutes

Symbolic Representation
Example

= The link lengths are the parameters a4, a,, as,
and a, and areithe distances between the z
axes measured along the common
perpendiculars.
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Symbolic Representation

Example

= The angles @ are all zero since the axes
are all parallel.

Symbolic Representation

Example

= The angles 0,, 05, 05, and 0, are the pair
variables of the revolute joints.
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Symbolic Representation
Example

" The s distances are also all zero, since
the successive x axes were chosen so as
to intersect.

Another Symbolic
Representation Example

= | et’s now look at a spherical four-revolute
mechanism:
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Another Symbolic
Representation Example

" |[n this case, all the z axes intersect.

= For this reason, all the a and s parameters
are zero.

Another Symbolic

Representation Example
= The angles @ define the link dimensions.
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Another Symbolic

Representation Example

= The angles 6 are the pair variables of the
revolutes.

Another Symbolic
Representation Example

= The Hooke joint is a special case of this
with o, = o; = o, = 90°
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Another Symbolic
Representation Example

= The symbolic equation for the Hooke
universal joint is:

Another Symbolic
Representation Example

= The Bennett mechanism has opposite links with
equal twists (o0 and [3) and equal'lengths (a and b).
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Another Symbolic
Representation Example

= The Bennett mechanism’s x axes all intersect, so
the s parameters are all zero.

= Again, the pair variables are the 6’s.

Another Symbolic
Representation Example

= The symboelic equation for the Bennett mechanism
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Carrying out the Matrix
Method of Analysis

= Once a linkage has been described
by a symbolic equation, the
coordinate transformation from one
link’s coordinate system to)the next
may: be represented by a 4x4 matrix
InvVolving| the four parameters aj, o, 0,

and s,

Carrying out the Matrix
Method of Analysis

= This coordinate transformation from
system k+1 to systemi k can be
showni to be in the form:

1 0 0 0

a,cosf, cosf, -—cosa,sinf, sinc, sin6,

a,sinf, sinf, cosa,cosf, —sina,cosO,

8, 0 sina, cosa,
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Carrying out the Matrix
Method of Analysis

= \ultiplying together matrices ofi this
formiini the right: order can take you
fiom one coordinate system to the
nNeEXt as you gosaround the loopsiofia
closed-loep kinematic chain.

1 0 0 0
a,cosf, cosf, -—cosa,sinf, sinc, sin6,

a,sinf, sinf, cosa,cosf, —sina,cosO,

8, 0 sina, cosa,

Carrying out the Matrix
Method of Analysis

= For instance, to go: fromithe
coordinate system onilink 3 to the
coordinate system on link 1" you
woeuld perfoerm the matrix
multiplication A A,

32



Carrying out the Matrix
Method of Analysis

= For the four-link. examples given
earlier (planar and sphericall four
revolutes, or the Bennett mechanism)),
AAAA, weuld take yeulareund the
closed loop of the mechanism and
back toithe stating numierone
coordinate systen.

Carrying out the Matrix
Method of Analysis

= Since you are back to the original #1
coordinate system, the product of these
transformation matrices must be the
identity matrix.

A AAA, =
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Carrying out the Matrix

Method of Analysis
A AAA, =]

Matrix Al Coordinate system Matrix A7
(A function of -

(A function of
a4, 04y 01551)

a,,0,, 0,,5,)

/
Ox,y,z, fixed on link 1 3X3Y325 fixed on link3

Mgtrlx. Ay Matrix A,
(A function of (A function of

Coordinate system
a,, oy, 0,,s, )
AR e 4) O,x,y4z4 fixed on link 4 é e” 83)

Carrying out the Matrix
Method of Analysis

= All the remaining displacement relations
relating the pair variables can then be
extracted from this matrix equation:

AAAA, =
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Example: Analysis of the
Hooke Joint

1 0 0 0

0 cosf -—cosa,sinf,  sinq,sinf,
"lo sin 0, cosa,cosf, -—sina,cosf,

0 O sinq, cosq,

Carrying out the Matrix
Method of Analysis

= To reduce the number of matrix products
involved, both sides of this equation can
be multiplied by the inverse matrix A, .

AAA A A=A =A"

Ay A A=A
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Carrying out the Matrix
Method of Analysis

" The inverse matrix A, in this case can be
obtained by simply interchanging rows
and columns in A, and is simply:

0 0 0
cosb, sin6, 0

—cosa,sinf, cosa,cosf, sina,

sina, sinf,  —sina,cos6, cosa,

Carrying out the Matrix
Method of Analysis

= After carrying out the matrix products we
get:
0 0 0]

cosf, sin0, 0

—cosa, sinf, | cosa,cosb, :sina,
- sina, sinf, | —sina,cos6, | cosa,
0 0o 0

i cos0,cos0,cos, +sinb,sinf, : cos,sinb, i —cosH,cosH,sinb, —sinb, cosb,

- sinB, cosB;cosH, —cosb,sinf, = sind,sinb; = -sinb,cosb;sinf, +cosb,cos,

O O Ooi= O © Oim

sin6, cos0, i —cosO;, sin@,sinf,




Carrying out the Matrix
Method of Analysis

Corresponding elements in both matrices
must be equal.

o 0 0]

cosf, sin0, 0

é—cosot1 sin, cosa, cos, sina,

sina, sin6, —sinq, cos 6, cosa,

7 0 0o 0

cosB,cosB, cosl, +sinb,sin0, cos 0, sin0, —cosf,cos0,sinf, —sinb, cosl,
sinf, cos 0; cos O, — cosb,sinb, sinf, sin0, -sin@, cos 0, sinb, + cosH, cos O,
' sin6, cos0, - —cos 0, sin@,sinf,

"o O Oi= O © Oim

Carrying out the Matrix
Method of Analysis

= Suppese that b, is the/input variablerand is knewn.

= We seek relations giving 05, 05, and 0, initerms of
0.

cosf, ~ sin6, ()

—cosa, sinf, | cosa,cosb, :sina,
- sina, sinf, | —sina,cos6, | cosa,
0 o 0

i cos0,cos0,cos, +sinb,sinf, : cos,sinb, i —cosH,cosH,sinb, —sinb, cosb,

- sinB, cosB;cosH, —cosb,sinf, = sind,sinb; = -sinb,cosb;sinf, +cosb,cos,

sin6, cos0, i —cosO;, sin@,sinf,

O O Ooi= O © Oim
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Carrying out the Matrix
Method of Analysis

Equating the ratios of these sets of elements
gives 0, in terms of 0;:

0 0 -0 ]
cosf, sin@, 0

i—cosa sinf, i(cosa,cosl,): sinq,
i sing, sinf, | —sing, cos6, | cosq,
0 0

- cosB,cosb, cosb, +sinb,sinb, | inf;) —cosf,cosb;sinb, —sinb,cosl,

- sin6, cos6; cos 6, —cosb,sind, ) —sin6,cos0;sin6, +cosb,cosb,

sin6, cos0, i i sin6, sin0,

tanf, = cosa, cot 0,

"o o o= O © Oi=

Carrying out the Matrix
Method of Analysis

Equating this pair of elements gives. 0, in terms
of 0;:

0 0 0]

cosf, sin@, 0

‘—cosq,sinf, | cosa,cosh, | sinq,

i sing sinf, | Csing, cos6) cosq,

0 0 0

- cosB,cosb,cosl, +sinb,sinb, : cosd,sinb, | —cosb,cosb,sinb, —sin,cosb,

- sinf,cosB; cos b, —cosh,sinb, | sin6,sinf, | —sin6,cosh, sinb, + cosh,cosH,

"o o o= O © Oim

sin6, cos6, @ sin6,sinf,

cos O, =sina, coso,
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gives 0, in terms of 0;:

0 —sina, cos6, E

0

Carrying out the Matrix

Method of Analysis

And equating the ratios of this pair of elements

AU SO U
0 cosf, sin@, 0

0 i-cosa;sinf, i cosa,cosf, :sing,

1 0 0 0

0 ' cosB,cosB;cosb, +sinb,sinb, - cos,sinb; . —cosb,cos; sinb, —sinb,cosb,

0 | sinB,cos6; cosb,

—cos6,sinf, = sinb,sinf; = —sinb,cosb,sin6, +cosb,cos,

—cos0, sin®, sin0,

1
tanc, sin 6,

tan6, =

Hartenberg-Denavit
Homework:

The illustration shows an RRCRC saw: drive. mechanism
reproduced from an;article in Machine Design Magazine
for Sept 24, 1964.
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Hartenberg-Denavit

Homework:

= Choose an appropriate coordinate system,
take note of special proportions (suchi as
90° angles, zeroi lengths, etc. and derive
the output versus input relation from the
Hartenberg-Denavit matrix equation

[ASIHAL A [A] A =[]

More Hartenberg-Denavit
Homework: (based oni Shigley & Uicker)

= The Hooke joint consists of two yokes
(which are the driving and driven
members) and a cross which is the
connecting link.
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More Hartenberg-Denavit
Homework: (based oni Shigley & Uicker)

= One disadvantage of this
joint is that the velocity
ratio fluctuates during
rotation.

= This Is a poelar angular
velocity diagram for one
complete rotation| of the
driverand driven: links; of:
the joint.

w,(driven)

More Hartenberg-Denavit
Homework: (based oni Shigley & Uicker)

® Since the driver is
assumed to have a
constant angular
velocity, its polar
diagram is a circle.

= [he diagram for the
output is an ellipse
which| crosses the
driver circle at four b iiveny
places.
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More Hartenberg-Denavit

Homework: (based oni Shigley & Uicker)

= This means there are

four instants during

each rotation when the
angular velocities of the /
two shafts are equal.

The rest of the time,
the output rotates
faster or slower.

More Hartenberg-Denavit

Homework: (based oni Shigley & Uicker)

Think of the drive shaft
as having an inertia
load at each end-the
flywheel and engine
spinning at constant
speed at one end and
the weight of the car
running at high' speed
at'the ether end.
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More Hartenberg-Denavit

Homework: (based oni Shigley & Uicker)

= |f a single universal
joint were used in a car
either the speed of the
engine or the speed of
the car wouldineed to
vary during each
rotation of the drive
shaft.

More Hartenberg-Denavit
Homework: (based oni Shigley & Uicker)

= Both inertias resist this
so the tires would
need to slip and the
parts of the power
transmission would be
highly stressed.




More Hartenberg-Denavit
Homework: (based oni Shigley & Uicker)

To attain a uniform angular velocity ratio, actual
drive shafts use a pair of universal joints
arranged in one of these two configurations.

This causes the speed fluctuations to cancel and
a uniferm velocity ratio from input te output.

5
\%}/ﬁ Mo (driven)

‘\J\/——
N

L
w{(driven)

More Hartenberg-Denavit
Homework: (based oni Shigley & Uicker)

= Using the Hartenberg-Denavit method;, develop
an;expression; for the ratio of @, oy In terms of the

angle ofi shaft misalignment.
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More Hartenberg-Denavit
Homework: (based oni Shigley & Uicker)

= Then use that expression to develop a table showing the
ratio of the output angular velocity to the input angular
velocity for a single universal joint at running at shaft
misalignments ofi 0°, 5%, 10°, 15°, 30°, and 45°.

= (Data can be plotted at 15° increments if you like over just
90° rotation of the input shait.)

B

More Hartenberg-Denavit
Homework: (based oni Shigley & Uicker)

= |f the differences between the maximum and minimum
ratios is expressed as a percent and plotted against the
shaft angle a curve such as this one will result:

Speed fluctuation, %

12 16 20 24 28
Shaft angle, deg
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